A Global Model of the Earth’s lonosphere:
The Nighttime lonosphere

0. H. von Roos and P. R. Escobal
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The evaluation of an ionospheric model started in Volume XI of the DSN
Progress Report series (TR 32-1526) is continued. This article discusses the night-
time ionosphere and considers specifically the dawn and dusk situation in which
a transition from electron production by the Sun’s radiation to a cessation of this
production gradually occurs. The strict nighttime ionosphere is governed by elec-
tron attachment and diffusion. The transition period depends very much on the
declination angle of the Sun and the latitude of the geographical location on
Earth where knowledge of the ionospheric electron distribution is desired. Simple
and concise expressions for the electron distribution in the upper ionosphere are
derived. Calibrations for range corrections on a global scale are therefore possible.
The ionospheric model presented contains six empirical parameters. These param-
eters are to be considered as functions of geographical location and must be
determined by measurement. Future work will concentrate on the determination
of these parameters and the implementation of the model to obtain range correc-
tions. Furthermore, a sensitivity analysis of the model with respect to the six

parameters will also be performed.

l. Introduction

An evaluation of an ionospheric model was presented
carlier in Ref. 1. This article continues the evaluation by
considering the nighttime ionosphere and, specifically,
the duwn and dusk situation in which a transition grad-
ually occurs from electron production by the Sun’s radia-
tion to a cessation of this production. The strict nighttime
ionosphere is governed by electron attachment and dif-
fusion. The transition period is dependent on the declina-
tion angle of the Sun and the latitude of the geographical
location on Earth where knowledge of the ionospheric
¢lectron distribution is desired. The simple and concise
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expressions derived here for electron distribution in the
upper ionosphere make calibrations for range corrections
on a global scale possible.

Because of the absence of solar ultraviolet radiation, no
electron production occurs during the njght. What does
occur is a loss of electrons due to attachment and recom-
bination. Reference 2 gives some values for the total loss
coefficients for the F2 layer’ depending on temperature.

"The F2 layer possessing the highest electron concentration affects
the high frequencies of the DSN (» = 2+ 109 Hz) almost exclu-
sively.
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where z is in kilometers. The clectron losses are due to
reactions such as

¢+ 0! = 0% 4 O%
¢ + NO- = N* + O

ete. Here the * signifies possibly excited states. We expect,
therefore, a slow decrease in the electron density during
the night. However, there is another effect which also
governs the clectron distribution. Positive ions and neu-
tral molccules diffuse through cach other due to gravity,
The diffusion cquation determines the density changes of
the positive ions. But since the electrons faithfully follow
the positive ions (otherwise large electrostatic forces
would be engendered pulling clectrons and ions quickly
together), the influence of diffusion on the positive ions
is the same as that on the electrons. Therefore the elec-
tron distribution is influenced By both loss and diffusion
during the night. To be sure, diffusion also takes place
during daytime, but the electron production is so large
that diffusion constitutes only a minor part of the overall
picture and hence had been neglected previously.

In the next section we shall give a derivation of the
nighttime ionosphere and link it with the daytime iono-
sphere both at dawn and dusk.

Il. The lonosphere at Night

We begin by writing the pertinent equation for the
clectron density as approximately applicable at high alti-
tudes (> 300 km) as a function of height and time (Refs.
3 and 4), viz,

ot
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(1)
The first term on the right-hand side (RHS) is responsible
for the diffusion and the second term for electron attach-
ment. B is the attachment coeficient in sec™, z = h/H

where /i is the actual altitude and H the scale height
given by

H = kT/mg (2)
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and m is the average mass of the gas molecules. Further-
more, the diffusion constant « is given by (Ref. 4)

sin® [
a = 9

STy )

where g is the Earth’s gravitational acceleration, I the
magnetic dip angle, and v the collision frequency of the
clectrons with the gas molecules (charged and uncharged).
In order to proceed with the solution, we make the sub-
stitutions

(4)

and obtain

1 (2 By V
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If it is realized that Eq. (5) is just Schridinger’s equation
for a hydrogen atom, then the well-known general solu-
tion of Eq. (5) is given by

n(x) = x exp l: — ' —% :l L™ <‘2 \/—(—/i— x,> (6)
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so that finally

N(zt) =3 coexp| — yat — 2 — /E(,, LML 2 Mi@":
vz, t) = 2 n €XP Yan ~ »\ a “n 'V @
(8)

where the ¢, are arbitrary coefficients to be determined
by the initial conditions, and the L' arc generalized
Laguerre polynomials defined by

L<1,/2) P e’ (l”
n (\) - X W (an

(e ) 9)
Equation (8) constitutes the general solution for the elec-
tron distribution of the F layer in the upper atmospherc.
The coefficients ¢, are as yet quite arbitrary and have to
be determined by initial conditions. Since Eq. (1) is of
first order in time, a specification of an initial condition
is quite sufficient to determine the solution as far as the
time domain is concerned. This is somewhat disturbing
since it is known that the nighttime ionosphere is asym-
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metric and, furthermore, a given initial condition (at
t =0, say) leads inevitably to a distribution at t >0,
which is totally determined by this very initial condition.
But eventually the night ends and the rising Sun will start
jonizing the upper atmosphere and therefore raise the
electron density. The model as expressed by Eq. (8) does
vitiate this condition. In order to overcome this draw-
back, we arc going to determine the coefficients ¢, in
Eq. (8) first in order to sec exactly what the situation is.
The boundary conditions which can be expressed as
initial conditions for Eq. (8) are those which link expres-
sion (8) for the nighttime electron density profile to the
dawn-dusk profile at a given time t = t,, say. From Eq.
(15) of Ref. 1 and putting A, = =/2, the expression for this
quantity is given by (replacing (r — R)/H in Eq. 15 of
Ref. 1. by z)*:

hm'l‘(

1 as
3\7(‘3'” (Z> — N(v max (‘Xp ? % 1 I H o

= (hmax/H)

o1 - (Hz + R)?
axe (Hx + R + hpo)?

(16)

We must thercfore equate Eq. (10) with Eq. (8) at ¢ = ¢,
in order to determine the coefficients ¢,,.

From the orthogonality relations of the Laguerre

polynomials
i — . " 3\ [/ n-+%
/ dx \/1‘ e’ L,(llfz) (\) I47(>1L2}<x> - 8"'” r 7 n
J0 =

we obtain first
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Multiplying this equation by

o B P (M)

21t has been assumed that the scale height H is the same for the day-
time ionosphere near dawn and dusk as that of the nighttime iono-
sphere.
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we now obtain

}n;cm exp [-—y”t” -2 \/:c ] L¢® (2\/7
TSRS
— NO(z )exp[ - \/ge] (2%) Lo
><<2\/F-§—e*>d<2\/§e:> (13)

We integrate Eq. (13) on both sides from z =0 to z =
and substitute 21/8/a ¢ = x on the left-hand side (LHS)
and obtain

> L(V2>
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The orthogonality relation (11) cannot yet be applied
since the upper limit of the integral is not <. It turns
out, however, that \/8/a =~ 10* (Ref. 5) so that relation
(11) can be safely employed, vielding

3N\ /n+%
F<§>< n >L\p[ yato] €, = integralon RHS of Eq. (14)
(15)

Let us now evaluate the foregoing analysis. With the
coefficients ¢, determined via Eq. (15), the nighttime
ionospheric profile Eq. (8) is completely determined and
is seen to decay with progressing time. However, the day-
time ionosphere is time-independent (Eq. 15 of Ref. 1).
So it appears at first sight that any point on Earth on the
night side would eventually be without ionosphere and
any point located on the day side would enjoy a stable
ionosphere. This would in fact be true if the
rotation is not taken into account.” Remember, so far we
have worked in the Sun-fixed coordinate system in which
the x-axis is always pointed toward the Sun.

Earth’s

To digress a little on this important point, we introduce
Figs. 1 and 2, which are analyzed in Ref. 6. They display

sDisregarding lateral drifts which would surely set in after a while;
but then our simple model would also break down.
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the measured integral of the electron profile (total elec-
tron content) which can be theoretically calculated from
Eq. (8) at night and from Eq. (15) of Ref. 1 at daytime.
We see the gradual decline of the electron density during
the night as indeed suggested by Eq. (8), then a sharp
increase during dawn. In the further analysis we might
as well take ¢, = 0 in Eq. (15), which amounts to start
counting time at sunsct. The duration of the night as a
function of the Sun’s declination 8, and the station’s lati-
tude ¢ (mcasured from the Earths equator) has been
evaluated in Appendix A. Tt is an intricate function of the
variables involved and the reader is urged to read the
Appendix. In any case, let the duration of the night be
denoted by ¢y It is then true that Eq. (8) holds, together
with the initial condition, as expressed by Eq. (15) until
the time clapsed is ty. Then dawn starts and ultraviolet
radiation of the Sun will immediately produce electron—
ion pairs and the clectron density will start to increase.
We shall quickly determine another time needed and that
is the time elapsed between total night and full illumina-
tion during which the ionosphere builds up to its dawn
value. We do this with the aid of Figs. 3 and 4. In Fig. 3
we have depicted a cross section through Earth together
with the ionosphere, The coordinate system used is that
of the Sun-fixed system of Fig. 1 (Ref. 1). The ionosphere
is characterized by the height of the maximum electron
density /i, and the scale height H as it prevails at that
location. A point fixed on Earth as it rotates toward dawn
must traverse the angle g = a, -, in the Sun-fixed co-
ordinate system and must subsequently be transformed
to the proper, that is, geographical coordinate system
(see Appendix B). During the transition time as deter-
mined in Appendix B (Eq. B-4), the electron concentra-
tion will gradually increase to the value prevalent at
dawn (Ref. 1). Before we go ahead and cvaluate this
transition period we must go back to Eq. (13). Equation
(13) in conjunction with Eq. (14) looks quite formidable.
However, the coeflicients (Eq. 13) rapidly decrcase in
size and the infinite serics Eq. (13) can be brought to a
halt rather quickly. To sce this we have to know the
parameters ¢ and 8, where o is given by Eq. (3) and 8 is
the clectronic attachment coeflicient as explained earlier.
Although the paramcters « and 8 are subject to debate
as far as their exact values are concerned, an order of
magnitude evaluation reveals that

Vap ~ 10¢ sec! z
— (16)

f/_(_"_,\,o.l()t S
\E T

From Eq. (8), then, it is clear that the leading term
(n = 0) has a decay rate amounting to just about 4 hours.
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This in fact seems to be correct, taking Figs. 1 and 2 into
account. Figures 1 and 2, taken at different dates, show
the slow decrease of the electron concentration during
nighttime and the comparatively fast increase at sunrise.
We must realize that the data displayed in Figs. 1 and 2
represent the total electron content. That is to say, the
integral of the electron concentration along the ray path
which in the figures shown is the zenith or vertical ray
path and therefore is quite indicative of the model used
in this report and Ref. 1. There are, of course, much more
data gathered than would be possible to display here.
The reader should realize, however, that the general
trend is more or less the same.

From Eq. (15) and the values given by Eqs. (16), we
see that it suffices to retain the two terms n = 0 and n = 1
in the series expansion (8). This expression is then valid
until sunrise which happens according to the two ap-
pendices at

t = tnif_fhﬁ = Eq (B_4> <17>

of Appendix B.

At this time the transition toward total daylight occurs.
From a mathematical point of view, the buildup of the
ionospheric plasma due to the Sun’s ultraviolet radiation
is a rather difficult problem. We arc going to shorteut it
by using intuitive reasoning, since for moderate latitudes
the time of twilight in the upper ionosphere is compara-
tively short (< % hour). What we are proposing to do is
the following:

(1) Use Eq. (1) of this report with appropriate altera-
tions as determined below,

(2) Augment it by a source term of ionization similar
to the one given in Eq. (9) of Ref. 1.

(3) Increase this source term to full strength (from
zero) during the transition time 7 (Eq. B-7).

(4) Decrease the diffusion term to zero during that
same time span.

(5) Adjust the solution during the transition time r, to
the solution Eq. (8) at ¢ = £, and to Eq. (15) of
Ref. 1 at ¢ = tyia: + rn where ¢, is given in

Appendix B, Eq. (B-4).

Accordingly we will proceed in the following manner:
We take Eq. (1) again but the diffusion coeflicient o and
the absorption coefficient g will be time-dependent in the
transition region:
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where @ and 8 are the values of o and g during the
transition time. Equation (1), augmented by expressions
(18), rcads
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On the other hand the ionosphere will start to experience
ionization when = t,; ...
until ¢t =t + 74, When the ionosphere will experience
the full jonization as discussed on previous pages. Putting
(t — tuiwni )/ = 4, we represent the jonization by*

This ionization will increase

§ = ete™r/T§, (20

where S, is considered to be the ion production at dusk,
so that § == ¢7/7 §, ie., negligible at £ = ¢, (start of
dawn) and S = S, af t = t,iw 1+ rr (completion of dawn).
Equation (19), augmented by Eq. (20), reads

07] (\ Tr 5 7
<_ﬁ— o (3Xp|:27/ - Sn N(?],Z) ==
T Oy -

Separation of variables reveals that the spatial part of
the electron density is governed by the following equa-
tion (after the substitution = = e™):

— 1 _ 1 8 aN-_,
Ny, =~ 57 e i \ 5 — =~ —= 1=
s 2 2'\:: o (\Lx

But Eq. (22) is just
Eq. (5) with —y replaced by a, so that we are able to
immediately write the general solution as

T(x) = (x) = xcxp[w \’ fj }L“ o (; \«‘—(ﬁjx>

(23)

where a is the separation parameter.,

15, is considered a constant for simplicity.

36

with

—(3
a=a, = —VaB <F’* 2n> = vy, (24)

and n an arbitrary positive integer. The equation for the
time-dependent part becomes®

P - _
<e’7 — — exp [2»’] — —]—:l S> Tilgy = v, (25)
T("I] T

with the general solution

T N . . N
T.(y) = cxp [7, — —-} Sor ey, + A, (26)
T
where A, is an arbitrary integration constant.

The general solution for the differential equation (21) is
then obtained using the completeness of the orthogonal
functions 7,(x). With arbitrary constants d,, we may
write

N(nz) = 37 d Ty (x) (27)

n

Solution (27) is only valid in the transition region &,i..
< t < thimn + 7. It must be continuous both at t =
toen (= 0) and at ¢ = tyion -+ 10 (y =1r0/7). In Eq. (15)
we have seen that the series (8) with ¢, from Eq. (15)
viclds just the daytime ionosphere at dawn (Eq. 10). Since
in this simplified model the dawn and dusk ionospheres
are the same, we have from Eq. (27):

Z ([nTn <T_/> nn - Z (n”n <28>

n

As can be verified from Eqs. (23) and (6), the spacial
functions are the same in both equations; ¢, in Eq. (28)
is given by Eq. (15) and is therefore already determined.

On the other hand, we must also have

Z dnTn 0) )l,, Z Cy (\p 7‘/,/ nig

n

o ] T (x) (29)

a condition which states that the clectron concentration
at the peginning of dawn must be equal to the clectron
density at night given by the RHS of Eq. (29). It follows

“The total electron density is given by N = T (y)7{x); sce more

details below.

JPL TECHNICAL REPORT 32-1526, VOL. XV



from Eqs. (28) and (29) that

([HTN <l> - (“ﬂ
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and for the integration constant we obtain from Egs. (29),
(30), and (31)":

1
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Tr T
- CXP o _T_ 4 Y —1+ exp 7"/ntni:ln - 'T_

(32)

In theory then, the problem of a global coverage of the
ionosphere is solved, although in practice more has to
be done. To summarize, the electron density as a function
of altitude in daytime is given by Eq. (15) of Ref. 1; the
nighttime electron density is given by Eq. (8) of this
report in conjunction with Eq. (15), an equation which
determines the coefficients ¢, of the series (8). Further-
more, the transition region, i.e. dusk and dawn, are
described by Eq. (27) in conjunction with Eqgs. (30) which
establish the necessary boundary conditions. Before we
go ahcad and simplify the nighttime and dusk-dawn
clectron distributions, let us enunciate the parameters
needed for a concise description of the ionosphere in its
various regimes:

(1) Daytime ionosphere. There are three parameters:
Newa the maximum electron density; h,.,,, the
altitude at which N, = N, ... and H, the scale
height of the jonosphere, a measure of how fast the
density tapers off toward zero at higher altitudes.

(2) Nighttime ionosphere. Due to the initial condition
which determines the coefficients ¢, of the night-
time solution, the three parameters mentioned

“Note that without the source term S, condition (6) would lead to
negative values for A, and therefore negative clectron densities, or,
in other words, the boundary conditions could not be satisfied in
complete agreement with physical intuition.
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above carry over into the night. In addition to
these we have two more parameters: o (Eq. 3),
the diffusion coefficient; and B8, the attachment
coeflicient.

(3) Transition region ionosphere. Because of the fact
that the solution for the electron density has to
satisfy boundary conditions at both the onset of
dawn and the completion of dawn (full Sun), it
depends also on the paramcters N, waxs P, H o
and . In addition, a parameter = had been intro-
duced; essentially 7 is the life time of the diffusion
in the transition region. The diffusion is blotted out
more and more by the increase in ionization.

Six parameters describe the global ionosphere. They
may in principle be considered empirical parameters to
be adjusted by means of measured values of the total
electron content and other quantitics (sce also Ref. 1).

As mentioned previously, the first two terms n = 0 and
n =1 in the series expansions for the eclectron density
(Eqgs. 8 and 27) are sufficient for the analysis, the reason

being the rapid convergence of the series.

With the help of Ref. 7, together with Eqs. (15) and
(10), it is easy to see that
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In Appendix C an approximate solution for Integral
(35) is found with the result that

- . /—2;%7 - I{ — " . hmnx
H(z) = \/T\/~+ﬁ(x1)[—N+—h,—j| -
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For those values of z for which the integrand in both
Eqgs. (33) and (34) is significantly different from zero,
z «R/H and the z dependence of the square root in
Eq. (36) may be neglected. In this case the integrals can
be performed directly with the result:

3/ ] N
Cy = 43} — <—§—> 2\7,» max CXP [—;‘ <1 -+ LXIX_II“ >]
@r— /FR_ . hma.x ﬂ -1
[\/TW‘“’[ 1 }\/ﬂ (37)
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“T g \/27, LN s
TNHEN [T} N

Prevailing values of /o and R/H give ¢, =~ 0.2 ¢,, sug-
gesting again a rapid convergence of the series (8).

X

lll. Summary and Conclusions

On the preceding pages a model of the ionosphere has
been developed. Reference 1 dealt with the daytime
ionosphere and this article considered the nighttime
ionosphere. The complete model as given in this report
is therefore global in the sense that given a station loca-
tion, the universal time, and elevation angle and the six
parameters describing the ionosphere, range and range
rate corrections can be evaluated. The model described
here is comprehensive and as simple as possible. Before
expatiating on this model, we like to point out other
efforts undertaken with the same goal envisioned. Refer-
ence 8 also gives a global model of the ionosphere.
However, this model is not derived from first principles
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nor is it generally applicable to nighttime situations and,
in particular, it fails to incorporate the twilight transition.
The merits or demerits of the model given in Ref. 8 are
not known, nor, it must be confessed, has this model been
tested at this time.

Before concluding this report we must mention a num-
ber of items which have been glossed over to some
extent. One of them is the choice for S, in Eq. (32). The
dimension of S, is sec™ and is linked to expression (9) of
Ref. 1. Expression (9) of Ref. 1 has the dimension erg-cm™
sect or energy flux. It follows that S, of Eq. (32) is
given by

S'L

(L ey
" hy

S, = (39)

where S, is the solar ultraviolet energy flux, hv the aver-
age energy per photon, and o; the ionization cross section.
Values of S, == 10° sec™ are suggested by the work of
Chapman (Ref. 9).

Another parameter that must be known is r, the time
constant of the transition between night and day. This,
as we have seen carlier, is one of the parameters to be
adjusted from measurements. Figure 1, for instance, shows
the quick rise of the total electron content at 5 a.n. local
time. It is not difficult to estimate this rise, which is just
2.8+ 10™ m= -sect. Translated into the time domain, we
have approximately r = 2.8 + 10 {m=* scc'] X H™
[m?] X N7
height H of 40 km and a maximum electron density of
10¢ em—*. Of course, the values of the six parameters listed
in the previous section, values which determine the char-
acteristics of the ionosphere, are to be cousidered slowly
varying functions of both the geographical coordinates
and the local time and as such must be determined
empirically.

[m*] = 10 sec™’, assuming a scale

Future work will concentrate on the determination of
these parameters and the implementation of the model
to obtain range corrections. Furthermore, a sensitivity
analysis of the model with respect to the six parameters
will also be performed.
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Fig. 1. Total zenith electron content from Faraday rotation
(Aug. 7, 1971)
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Fig. 2. Total zenith electron content from Faraday rotation
(Goldstone data, Dec. 30, 1971)
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Appendix A

Analytic Determination of the Length of the Night at
Any Point on the Earth’s Surface

l. Introduction

This appendix is self-contained and can be read with-
out reference to the body of the report.

A simple model for the motion of the Sun relative to
Earth is stated. Expressions for station coordinates rela-
tive to the center of Earth are developed. Derivation of
a function T, where T = 0 denotes twilight, T > 0 de-
notes daylight, and T < 0 denotes night, is undertaken.
The solution to the general equation is discussed. Finally,
simplifying assumptions are introduced which permit the
controlling equation to be solved in closed form. It is
shown that the duration of the day at any desired location
can be obtained by the subtraction of two arc cosines.

Il. Approximate Right Ascension and
Declination of the Sun

The right ascension and declination of the Sun, as
measured from the inertial x-axis (Fig. A-1), can be ob-
tained exactly or can be approximated by the following
formulas:

8o = 23.5 sin ((i@[t — March 22]) (A-1)
g = Gy [t — March 22] (A-2)

where
e = 360/365 deg/day
Therefore, assuming a circular orbit for the path of Earth,

the rectangular coordinates of a vector from the center of
Earth to the Sun R are given by

X €os 8, €os ag,

=Ry | cos dy sin o (A-3)
Zs sin 3,

where R, is the mean distance of the Earth from the Sun,

Le, R = 1 AU. More exact coordinates can be obtained

if desired.

I1l. Station Coordinates

Consider a station location on Earth with a given
geodetic latitude ¢, east longitude A, measured relative
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to the Greenwich meridian, and elevation H above the
adopted geoid” (Fig. A-2).

The rectangular coordinates of the station relative to
the inertial system are given by (Ref. 10)

X ~G, cos ¢ cos §
R=|Y |=| —G, cos ¢sin ¢
L Z —G, sin ¢
~ . (A-4)
~G, cos ¢ cos (§, -+ Ay + 6E)

=| —G, cos ¢ sin (6, + Ay + 6t)

| —G.sin ¢
where
G = de \H
VI (2f — ) sint g™
(1—fra,
G, = — - H
S el
and

a, =radius of Earth
f = geometric flattening (f = 1/298.3)

g, = Greenwich sidereal time at mijdnight® for a

particular date

# = constant sidereal rotation rate (4.3752695 X 10-*
rad/min)

t =number of minutes past midnight
Hence, for a given date {e.g., March 22, 1972), 6, can be
determined; then ¢ corresponds to the hours, minutes, and
seconds, for example, to

March 22, 1972, 15 hrs, 22 min, 13 sec

where 15 hrs, 22 min, 13 scc are converted to minutes.

"The station may be thought of as a point in space with ¢, A, orient-

ing the point while the distance from the Earth’s surface is fixed
by H.

#This angle is easily computed as a function of time from a polyno-
mial. Specifically, 6, = 99.69098 + 3600027689 + 0700038708
T2, where T, = (JD —2415020.0) /36525 and JD is the Julian date.
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IV. Twilight Function

From Section I1I the coordinates of the Sun have been
determined in the inertial system. Similarly from Section
11T the coordinates of the station have been determined
in the inertial system. The geometry that exists between
the station and the Sun is illustrated in Fig. A-3.

From the figure the fundamental vector relationship is
R =R+ R, (A-5)

Twilight/dusk will occur when g==/2. This condition
can be represented by

R-R=0

Eliminating R’ vields

(R+R,)"R=0 (A-6)
or
R.‘R=~R-R=—-R (A-T)
where
R = Gicos® ¢ + Gisin® ¢
Expanding the dot product yields
XX 4 Y Y+ 2,7 = R (A-8)
Substituting for the station coordinates results in
G X cos ¢ cos (8, + Ap + 6t)
FGY o cos ¢ sin (6, + A -+ 61)
+ G sing — —~R* (A-9)

Finally, inserting the polar coordinates of the Sun, ie,
use of Eq. (A-3), viclds the generalized twilight func-
tion T, namely,

T==G, cos ¢ cos 808 o cos (8, + Ay + ét)
+ Gy cos ¢ cos 3y sin g sin (0, + Ap + Ot)

4 Gusin ¢ sind + R*/R, =0 (A-10)
where daylight occurs for T > 0, while T < 0 implies
night. The general solution of Eq. (A-10) will be discussed
next, followed by a simplified model that achieves a
closed-form solution to the problem under discussion.
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V. General Solution of Twilight Function
(Duration of Night)

Suppose that the model of the Sun’s motion is taken as
in Section II (obviously more exact models (Ref. 10) can
be used). The result of the substitution yields (in func-
tional notation)

T = Gicos ¢ cos 8 {t — tu} cos a {t — t;}

X cos [ by, + Aw T 6 (t — t,,;)]
E

R*

+ - +Gysin ¢ sin g {t — 1.} ’JFE—
@

=0 (A-11)

where t; = March 22, and ¢ is the time elapsed since that
date, and ﬂng is the Greenwich sidereal time at .. In

functional notation
T = T <¢> /\I’J, de, f) 09/17) é> 80(t), a@ (t)r t)
(A-12)
therefore starting at March 22 and solving Eq. (A-11) for

successive dates will yield the dawn to dusk history dur-
ing the year for the specified station.

VI. Simplified Model

Let it be assumed that a certain station location is se-
lected so that ¢, Ay are known; furthermore, at a given
time of the year, suppose that o, and 8 are selected
from suitable tables or from Section II, and held fixed.
More exactly for the day in question, average values of a
and 8, are computed as follows: )

U = —9-[:(10(151’) + “o(t; + 24)}?

- 1
5 :—2—[8@0;) 8 (¢ 4 24)}5

where ¢/, is the date under consideration in hours.

(A-13)

Under these assumptions, and collecting all constant
terms,

T = A cos [a, + 6t] + B sin [a, +6t] + C =0
(A-14)

where
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A=G, cos ¢ cos g@ COS Oy

B == G, cos ¢ cos 5@ sin G

C =@, sin ¢ sin 56 + R*/R

oy =0, + Ag
The only free parameter in Eq. (A-14) which for a fixed
date can be used to satisfy that g (Fig. A-3) be =/2 is t.

Hence, the intent will be to solve for ¢. Divide Eq. (A-14)
by \VA? +4- B? and let

A
COSor=—"""—
VAT TP 1

B S
VAT B

where obviously o is a known constant angle. The result
is

(A-15)

—C

cos o cos (a, + 6t) + sin o sin (o, + ) = ———
VA? + B?
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or

-

c0s (o — op + 6t) =
VAT 1 B

(A-16)

Solving for t yields

B ~C 1
t = l:tan‘ ( ) — o, — Cos™ <x>} 5
A VAL = B /)4

(A-17)

Eliminating A, B, C results in

L= R
G.singsiné,, - 7)1
tg=| oy —a, —cost\ — el

Gy €Os ¢ COs §® 6
(A-18)

where the values of ¢, or t; are obtained for the two zeros
of Eq. (A-18). The duration of the night is therefore
given by

AT = t,z — 1, = ty (f\-lQ)
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Appendix B

The Duration of the lonospheric Twilight

This appendix draws hcavily on Figs. 3 and 4. Suppose
that Earth rotates as indicated in Fig. 3. That is to say,
that the spin axis of Earth is perpendicular to the x-y
plane in the Sun-centered coordinate system (Fig. 1 of
Ref. 1). It is clear from Fig. 3 that the angles oy and «,
depicted are given by

Toax - H\™®
o = tan! (2 S 77 >
R

"
o, = tan? { 2 s
R

In Eqgs. (B-1), R is the radius of Earth, Iy, is the height
of the maximum electron density of the F2 layer, and H
its scale height, parameters well described in Ref. 1. In
order to obtain Eqgs. (B-1), the assumption R » l,,, was

(B-1)

made. In this casc, then, the duration between complete
darkness and complete light is simply given by

(B-2)

where 6 is the spin rate of the Earth’s rotation (7.3+10
rad/sec). Equation (B-2) gives the transition time be-
tween total darkness and complete light but only if
8o = 0 and 6, = /2. In order to find out the general
twilight or transition time between darkness and daylight
in the upper ionosphere, we must look at Fig. 4. Here we
depicted two sets of meridians, one set being Earth-fixed
and the other set being centered in the Sun-fixed system
(Fig. 1 of Ref. 1). With a little spherical geometry it can
be deduced that in general the time of twilight in the
upper ionosphere is given by
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- [ . ]nn\' B H v
fry = sin™ {C(.)S do [sm <tan1 (.‘2 I——j—>
sin 6, R

— tan™! (2 l'lmax>”’2> :|}
R 7

Notice that if § =0 and 6, = »/2, Eq. (B-3) reduces to_,
Eq. (B-2). Equation (B-3) then determines the iono-
spheric twilight. We must also be quite aware of the fact
that the paucity of scattering, because of the low density
of matter (<10 atoms/cm?®), makes the derivation of
Eq. (B-3) a purely geometrical consideration (shadows
are sharp).

(B-3)

As a matter of fact the correct time of night is given by

1 [ cos 8 hua \ N
forene = ty + —sin ' ——2sin | tan™ { 2225
ght v T gsin Y [ < R f

(B-4)

where ty is obtained from Appendix A (Eq. A-19).

A simplification of Eq. (B-4) arises by noting that

a
sin (tan™' q) = ————= (B-5)
V191 a®
and since 2/,./R « 1 we obtain from Eq. (13-4)
1 . )’C()SS . Nios l
Faisn = s ¢ st | siné, ( R > f
(B-6)

In a similar fashion Eq. (B-3) can be simplified by using
trigonometric rules, viz,

j cos 8@ hm“x - II e llnmx v 1
= sin™ =12 (2 .
firr = sin { sin 6, l:( R > < R > 1(

(B-7)
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Appendix C

Approximate Evaluation of the Integral (35).

Here we write down again the integral in question:

* 2~ (amax/H) (H R)
1 z+ : o
d)(A) - —‘CZ_/ (]x ¢ <1 a (Hx + R + h’max)“’ )
o/ 0 <C_1>
With the substitution
_ Hz+ R
i~ ©2

Hx + R+ hyas
the Integral (C-1) transforms to
w/ . _ a
L a TR By P sin 6
#(=) = 2P H sin@
' (C-3)
with @ = z + (R/H). Since = ranges from zero to infinity,

the parameter a is always large. The integral in Eq. (C-3)
can be written as follows:

g [T dpes ¢ C-4
Code = | dbe| mgm | (G4)
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Observing the fact that a» 1, we may use the method of
steepest descent. Accordingly we put (Taylor series about

6 = 7r/2>
¢ [P AN
snf a P )
and have

/e a » 77/2[ a \?
o diexp) megm =t dfow) T 5Py

1 ]2x
== e (C-6)

o\ a

(C-5)

since the integration can be extended to infinity at the
lower limit. It is expression (C-6) that is used in the text.
The differentiation indicated in Eq. (C-4) gives

((1'1“ €"'> — <a~‘1/3 e (l’:;/g 4 3 da/:) et oens a1/ et
= — T ——4 AEF
(C-7)

again because a » 1.
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